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ABSTRACT 
Transverse momentum spectra and Nuclear modification factors for production of various secondaries in 

different central Pb+Pb collisions at √𝑠𝑁𝑁 = 2.76 TeV have been analysed in the light of two generalized 

distributions --- Tsallis-Boltzmann and q-Weibull formalism --- to extract insights on the final stage as well as 

the initial stage of the fireball to understand the evolution process. Besides, the dependence of different 

parameters, involved in both the approaches, on centralities and mass of the secondaries, have also been 

discussed, in detail. 
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I. INTRODUCTION 
  The probing agents of the QGP medium produced in ultra-high energy nuclear reactions are the partons which 

are produced immediate after the initial hard scatterings and, hence, witness the evolution of the QCD medium. 

As this evolution process leaves it's traits on these initial-state partons through it's interaction with these partons, 

the final-state distribution is expected to be quite different from it's initial version. So, to understand the 

thermalization route completely it is required to extract knowledge on the nature and fluctuations of the initial-

state as well as the final-state distribution simultaneously. 

           The initial stages suffer from intrinsic fluctuations due to formation of Color Glass Condensate, 

fluctuations in temperature and fluctuations in energy density and, hence, the initial system can be treated to be 

in a non-equilibrated state [1]. These microscopic memories can be present even in the distribution of the final-

state hadrons. Besides, these initial-state partons experience further interactions with the expanding QCD 

medium in terms of elastic collision and medium induced gluon radiation [2-5] before final fragmentation into 

hadrons. Hence, the final-state is also to be expected away from its equilibrium. So, to extract information from 

initial-state as well as the final-state distributions one needs generalized statistics which are competent to 

describe the systems which are yet to reach equilibrium. 

           The generalized form of Boltzmann-Gibbs(BG) statistics within the framework of non-equilibrium 

statistics, as proposed by Tsallis [6-8] and being called Tsallis non-extensive statistics, has been proven, over the 

years, to be a good tool to analyse various particle yields to understand the thermo-dynamical evolution of the 

systems having long-range microscopic memories, long range correlations, self-similarity etc., [9-35]. On the 

other hand, another empirical statistical model, called Weibull model [36], capable of explaining the processes 

having fragmentation and sequential branching, is also being applied to analyse particle production at different 

high energy interactions [37-40]. To bring in the systems, which are yet to reach equilibrium, under the umbrella 

of Weibull model, a proposition of generalisation of this model, like generalised BG statistics, in the framework 

of Tsallis non-equilibrium q-statistics has already been made, and the utility of the modified version, namely  

q-Weibull model, in describing the particle yields has also been checked in few cases [1, 41-44]. 

            In the present work, our aim is to study the initial-state and final-state distributions simultaneously, in a 

systematic way, through the change in parameter-values of a particular distribution function. To do so, our 

theoretical probing tool will be Tsallis-Boltzmann(TB) distribution and q-Weibull(qW) distribution. Though, the 

experimental data on final-state yields are available, the initial-state distributions cannot be measured 

experimentally. We will follow the formalism adopted in Ref. [35] to extract information, indirectly, on initial-
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state distributions through nuclear modifcation factor(𝑅𝐴𝐴). We will analyse, here, in the present study, the data 

on 𝑝𝑇-spectra and nuclear modification factor(𝑅𝐴𝐴) for different identified hadrons produced in different central 

Pb + Pb collisions at LHC energy √𝑠𝑁𝑁 = 2.76 TeV in the mid-rapidity interval to extract information on final-

state distributions and initial-state distributions respectively. 

            The organization of the present work is as follows: a brief outline of the theoretical approach, to be used 

in the present study, has been presented in next section. The obtained results and a detailed discussion on it have 

been provided in Section 3. And the last section is preserved for the summary. 

          

II. OUTLINE OF THE THEORETICAL APPROACH  
 

        We follow the formalism given in Ref. [28] to obtain the expressions for invariant yield of the particles on 

the basis of Tsallis-Boltzmann(TB) and q-Weibull distributions.  

        The Tsallis-Boltzmann distribution(neglecting the chemical potential) is given by,  

     

𝑛𝑖(𝐸𝑖) = [ 1 + (𝑞 − 1)
𝐸𝑖

𝑇
]

1
1−𝑞

 (1) 

 

where 𝑛𝑖 is the number of states available for energy 𝐸𝑖, 𝑇 is the temperature and 𝑞 is the non-extensive index. 

As 𝑞 → 1 the above equation returns to the usual Boltzmann distribution 𝑒−
𝐸𝑖
𝑇 . 

 

   The same for q-Weibull distribution is given by [41] 

 

𝑛𝑖(𝐸𝑖) = 𝑝0

𝑘

𝜆

𝐸𝑖
𝑘−1

𝜆
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             =  𝑝0
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𝜆
[ 1 + (𝑞 − 1)

𝐸𝑖
𝑘

𝜆
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1
1−𝑞

 

(2) 

 

where 𝑝0 is a proportionality constant,  𝜆 is a scale factor, 𝑘 is the shape factor, 𝑝0
′ =  𝑝0

𝑘

𝜆
 and 𝑞 is the  

non-extensive parameter which determines the degree of deviation of the system from it's equilibrium. The scale 

factor, 𝜆 is directly proportional to the mean of the random variable [40]. So, in the present case, it is directly 

linked with the mean energy, or with the mean transverse momentum if the variable is transverse momentum 𝑝𝑇 . 

For, 𝑘 = 1 and 𝑞 ≠ 1, the above relation reduces to Tsallis-Boltzmann distribution and for 𝑘 = 1 and 𝑞 = 1 it 

gives back the usual Boltzmann distribution. It is quite clear that since 𝜆𝑞𝑊 = 𝑇𝑇𝐵 for 𝑘 = 1 as q-Weibull 

distribution reproduces Tsallis-Boltzmann distribution for that value of 𝑘, the parameter 𝜆 can be treated as a 

temperature-like parameter for q-Weibull distribution and the Tsallis Temperature 𝑇 can be treated to be directly 

linked with mean transverse momentum. 

 To keep the thermodynamic consistency one needs the constraints [28] 

𝑛𝑖
𝑞

= 𝑁  (3) 

where 𝑁 is the total number of particles. In the large volume limit we have, 

Σ𝑖 → 𝑉 ∫
𝑑3𝑝

(2𝜋)3
 (4) 

Hence, total number of particles, for Tsallis-Boltzmann distribution, is given by, 

𝑁 = 𝑔𝑉 ∫
𝑑3𝑝

(2𝜋)3
[ 1 + (𝑞 − 1)

𝐸

𝑇
]

𝑞
1−𝑞

 (5) 

and that for q-Weibull distribution is given by, 

𝑁 = 𝑔𝑉 ∫
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where 𝑔 is the degeneracy factor, 𝑉 is the volume of the system and 𝑝 = (𝑝0
′ )𝑞. 

Hence, the invariant momentum distribution will take the form for Tsallis-Boltzmann distribution, 

𝐸
𝑑3𝑁

𝑑𝑝3 =
𝑔𝑉

(2𝜋)3 𝐸 [ 1 + (𝑞 − 1)
𝐸

𝑇
]

𝑞

1−𝑞
     (7) 

The energy, 𝐸, of the particle is given by 

𝐸 = 𝑚𝑇 𝑐𝑜𝑠ℎ𝑦     (8) 

where 𝑚𝑇 = √𝑚0
2 + 𝑝𝑇

2   is the transverse mass and 𝑦 is the rapidity. 

So, the last expression for invariant yield will take the form 

𝑑𝑁

𝑝𝑇 𝑑𝑝𝑇 𝑑𝑦
=

𝑔𝑉

(2𝜋)2 𝑚𝑇 𝑐𝑜𝑠ℎ𝑦 [ 1 + (𝑞 − 1)
𝑚𝑇 𝑐𝑜𝑠ℎ𝑦

𝑇
]

𝑞

1−𝑞
     (9) 

In the central rapidity it will be, 

𝑑𝑁

𝑑𝑝𝑇 𝑑𝑦
|𝑦=0

𝑇𝐵 =
𝑔𝑉

(2𝜋)2  𝑝𝑇𝑚𝑇  [ 1 + (𝑞 − 1)
𝑚𝑇 

𝑇
]

𝑞

1−𝑞
     (10) 

Similarly, this expression for q-Weibull distribution will be of the form 

𝑑𝑁

𝑑𝑝𝑇 𝑑𝑦
|𝑦=0

𝑞𝑊
=

𝑔𝑉

(2𝜋)2  𝑝 𝑝𝑇𝑚𝑇  (
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𝜆
)

𝑞
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𝑘

𝜆
]

𝑞
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= 𝐶𝑝𝑇𝑚𝑇  (

𝑚𝑇
𝑘−1

𝜆
)

𝑞
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𝑘

𝜆
]

𝑞
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with 𝐶 =  
𝑔𝑉

(2𝜋)2  𝑝 being a constant. 

     A point is to be noted here that 𝑞 ≤ 1.22 Tsallis-Boltzmann distribution[9], whereas, following the same 

argument, it can be shown that 𝑞 ≤
𝑘

4
+ 1 for q-Weibull distribution.  

     Now, to extract information on the initial states, we follow the formalism adopted by Ref. [35]. It is assumed 

that the initial-state constituents undergo Brownian motions due to their interactions with the medium, and these 

motion can be described by Boltzmann transport equation, 
𝑑𝑓(𝑥, 𝑝, 𝑡)

𝑑𝑡
=

𝜕𝑓

𝜕𝑡
+ 𝐯. ∇𝑥𝑓 + 𝐅. ∇𝑝𝑓 = 𝐶[𝑓] (12) 

where 𝑓(𝑥, 𝑝, 𝑡) is the particle-distribution, v is the velocity, F is the external force and 𝐶[𝑓]is the collision term 

for interaction between the particles and the medium. For a homogeneous medium(∇𝑥𝑓 = 0), in absence of any 

external force(F = 0) and in the relaxation time picture, the above equation simplifies to 
𝑑𝑓(𝑥, 𝑝, 𝑡)

𝑑𝑡
=

𝜕𝑓

𝜕𝑡
= 𝐶[𝑓] =  − 

𝑓 − 𝑓𝑒𝑞

𝜏
 (13) 

where,  𝑓𝑒𝑞 is local Boltzmann equilibrium distribution and 𝜏 is the relaxation time for a non-equilibrium system 

to reach equilibrium. 

The solution of the above equation along with the initial conditions, i.e. at 𝑡 = 0, 𝑓 = 𝑓𝑖𝑛 (distribution at the 

initial state) and at 𝑡 = 𝑡𝑓, 𝑓 = 𝑓𝑓𝑖𝑛 (distribution at the final state), is given by, 

𝑓𝑓𝑖𝑛 = 𝑓𝑒𝑞 + (𝑓𝑖𝑛 − 𝑓𝑒𝑞)𝑒−
𝑡𝑓

𝜏  (14) 

where 𝑡𝑓 is the freeze-out time. 

Hence, the nuclear modi_cation factor takes the form [35], 

𝑅𝐴𝐴 =
𝑓𝑓𝑖𝑛

𝑓𝑖𝑛

=  
𝑓𝑒𝑞

𝑓𝑖𝑛

+ (1 −
𝑓𝑒𝑞

𝑓𝑖𝑛

)𝑒−
𝑡𝑓

𝜏  (15) 

The distribution for 𝑓𝑒𝑞 is given by the usual Boltzmann distribution, in the central rapidity region(𝑦 = 0), 

𝑓𝑒𝑞 =
𝑔𝑉

(2𝜋)2
𝑝𝑇𝑚𝑇𝑒

−
𝑚𝑇
𝑇𝑒𝑞 (16) 

Hence, the final forms of the nuclear modification factor, 𝑅𝐴𝐴, on the basis of eqn.(10) and eqn.(11), are given, 

respectively, by 

𝑅𝐴𝐴|𝑇𝐵 =
𝑒

−
𝑚𝑇
𝑇𝑒𝑞

[ 1 + (𝑞 − 1)
𝑚𝑇 

𝑇
]

𝑞
1−𝑞

+ (1 −
𝑒

−
𝑚𝑇
𝑇𝑒𝑞

[ 1 + (𝑞 − 1)
𝑚𝑇 

𝑇
]

𝑞
1−𝑞

)𝑒−
𝑡𝑓

𝜏  (17) 

and 

𝑅𝐴𝐴|𝑞𝑊 =
𝑒

−
𝑚𝑇
𝑇𝑒𝑞

𝑝 (
𝑚𝑇

𝑘−1

𝜆
)

𝑞

[ 1 + (𝑞 − 1)
𝑚𝑇

𝑘

𝜆
]

𝑞
1−𝑞

+ (1 −
𝑒

−
𝑚𝑇
𝑇𝑒𝑞

𝑝 (
𝑚𝑇

𝑘−1

𝜆
)

𝑞

[ 1 + (𝑞 − 1)
𝑚𝑇

𝑘

𝜆
]

𝑞
1−𝑞

)𝑒−
𝑡𝑓

𝜏  (18) 
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III. RESULTS AND DISCUSSION 

Table 1: Values of fitted parameters for Tsallis-Boltzmann Model with respect to the experimental data on 

transverse momentum spectra for different identified hadrons produced in Pb + Pb collision at 2.76 TeV 

Range of Fits centrality T (GeV) q Reduced chi-square 

𝜋0 

𝑝𝑇 ≤ 6.0 GeV/c 

0-5% 0.13 ± 0.02 1.101 ± 0.002 1.529 

5-10% 0.14 ± 0.02 1.100 ± 0.007 1.162 

10-20% 0.13 ± 0.01 1.110 ± 0.006 1.816 

20-40% 0.112 ± 0.009 1.118 ± 0.005 1.971 

40-60% 0.106 ± 0.007 1.127 ± 0.004 0.951 

60-80% 0.101 ± 0.008 1.134 ± 0.008 0.599 

𝜋± 

𝑝𝑇 ≤ 6.0 GeV/c 

0-5% 0.113 ± 0.003 1.115 ± 0.002 1.582 

5-10% 0.112 ± 0.003 1.117 ± 0.002 1.216 

10-20% 0.108 ± 0.003 1.122 ± 0.002 1.741 

20-40% 0.102 ± 0.002 1.130 ± 0.002 1.464 

40-60% 0.090 ± 0.002 1.141 ± 0.002 1.038 

60-80% 0.082 ± 0.002 1.149 ± 0.002 0.178 

𝐾± 

𝑝𝑇 ≤ 6.0 GeV/c 

0-5% 0.216 ± 0.005 1.063 ± 0.003 1.823 

5-10% 0.210 ± 0.005 1.068 ± 0.003 1.775 

10-20% 0.199 ± 0.005 1.079 ± 0.003 1.578 

20-40% 0.182 ± 0.004 1.090 ± 0.002 1.290 

40-60% 0.144 ± 0.004 1.113 ± 0.002 1.337 

60-80% 0.123 ± 0.002 1.127 ± 0.001 1.261 

𝑝/ 𝑝̅ 

𝑝𝑇 ≤ 6.0 GeV/c 

0-5% 0.337 ± 0.004 1.031 ± 0.003 1.841 

5-10% 0.335 ± 0.004 1.031 ± 0.003 1.724 

10-20% 0.311 ± 0.004 1.041 ± 0.003 1.703 

20-40% 0.276 ± 0.003 1.055 ± 0.003 1.686 

40-60% 0.230 ± 0.002 1.069 ± 0.002 1.579 

60-80% 0.190 ± 0.001 1.080 ± 0.001 1.398 

𝐷0 

𝑝𝑇 ≤ 6.0 GeV/c 

0-10% 0.41 ± 0.03 1.09 ± 0.02 1.621 

30-50% 0.30 ± 0.02 1.13 ± 0.01 1.188 

 

    The equilibrium temperature, 𝑇𝑒𝑞 , has been kept at 160 MeV, throughout our analysis, to keep parity with 

Ref. [35]. Besides, the fits, obtained on the basis of Tsallis-Boltzmann distributions, are depicted with solid lines 

while those for q-Weibull are represented by dashed lines in all the figures. 

     Figure 1 represents the fits for transverse momentum spectra, obtained on the basis of both the distributions 

while Figure 2 to Figure 6 represent the fits for 𝑅𝐴𝐴. The values of the different parameters obtained by the fits 

are tabulated in Table 1 to Table 5. Besides, the parameter values, we have also mentioned the 𝑝𝑇  -range for 

which the good fits were obtained. It is observed from the tables and the Figure 1 to Figure 6 that Tsallis-

Boltzmann distribution provides good fits for  𝑝𝑇-spectra in the range 𝑝𝑇 ≤6 GeV/c for all the secondaries while 

q-Weibull caters relatively wider range of data --- upto 20 GeV/c for pions and upto 16 GeV/c for heavier 

varieties like K-mesons, protons/antiprotons and D-mesons for most of the centralities. 

But, the scenario gets changed, when we move to 𝑅𝐴𝐴 as far as TB is concerned. The fits in this case remain 

confined mainly in the range 1.4 ≤ 𝑝𝑇 ≤ 12 GeV/c for pions and kaons, and in the range 3 ≤ 𝑝𝑇 ≤ 12  for 

protons/antiprotons. This behaviour is in accordance with the findings reported in Ref. [35]. On the other hand, 

the qW distribution, once again, reproduces a wider range of data even in the low-𝑝𝑇  region compared to TB 

distributions. However, the lower range gets gradually shifted towards intermediate 𝑝𝑇  for heavier secondaries. 

Data for 𝐷0 production is available only for 𝑝𝑇> 1 GeV/c; and both the formalisms provide moderate fits 

(Figure 6) without exhibiting any noticeable difference. At the early stage of the evolution of the fireball, a 

bound state of heavy quarks called quarkonium(𝑄𝑄̅) can be formed. However in the presence of QGP the two 

color charges of this bound state gets screened from each other, which weakens the binding of this 𝑄𝑄̅ pair [45-

48].The characteristic length of this screening is inversely proportional to the temperature of the medium.  

This sequential dissociation may lead to suppressed production of bound quarkonium in the presence of QGP 

medium. Subsequently, these heavy quarks may hadronize by combining with light quarks. Since, the heavy 
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Table 2: Values of fitted parameters for q-Weibull Model with respect to the experimental data on transverse 

momentum spectra for different identified hadrons produced in Pb+Pb collision at√𝒔𝑵𝑵 = 2.76 TeV 

Range of Fits centrality k λ (GeV/c) q 
reduced chi-

square 

𝜋0 

𝑝𝑇 ≤ 12.0 GeV/c 

0-5% 1.90 ± 0.03 0.27 ± 0.04 1.28 ± 0.03 1.719 

5-10% 1.78 ± 0.02 0.27 ± 0.02 1.26 ± 0.05 1.831 

10-20% 1.72 ± 0.01 0.23 ± 0.03 1.26 ± 0.03 1.498 

20-40% 1.52 ± 0.02 0.20 ± 0.01 1.23 ± 0.02 1.511 

40-60% 1.26 ± 0.02 0.15 ± 0.01 1.19 ± 0.01 1.326 

60-80% 1.04 ± 0.01 0.092 ± 0.003 1.151 ± 0.002 0.815 

𝜋± 

𝑝𝑇 ≤ 20.0 GeV/c 

0-5% 1.78 ± 0.06 0.27 ± 0.01 1.28 ± 0.02 1.388 

5-10% 1.69 ± 0.06 0.26 ± 0.03 1.26 ± 0.02 1.023 

10-20% 1.58 ± 0.05 0.23 ± 0.03 1.25 ± 0.01 0.975 

20-40% 1.37 ± 0.03 0.18 ± 0.02 1.21 ± 0.01 0.731 

40-60% 1.14 ± 0.02 0.120 ± 0.003 1.172 ± 0.006 0.583 

60-80% 1.00 ± 0.01 0.085 ± 0.006 1.147 ± 0.004 0.743 

𝐾± 

𝑝𝑇 ≤ 16.0 GeV/c 

0-5% 1.98 ± 0.01 0.45 ± 0.02 1.29 ± 0.02 1.744 

5-10% 1.98 ± 0.02 0.47 ± 0.02 1.30 ± 0.01 1.689 

10-20% 1.85 ± 0.02 0.42 ± 0.02 1.28 ± 0.02 1.565 

20-40% 1.66 ± 0.02 0.34 ± 0.01 1.253 ± 0.008 1.507 

40-60% 1.67 ± 0.03 0.32 ± 0.01 1.26 ± 0.02 1.333 

60-80% 1.67 ± 0.01 0.32 ± 0.02 1.26 ± 0.01 1.105 

𝑝/ 𝑝̅ 

𝑝𝑇 ≤ 16.0 GeV/c 

0-5% 1.68 ± 0.02 0.63 ± 0.01 1.18 ± 0.01 1.658 

5-10% 1.68 ± 0.02 0.63 ± 0.01 1.18 ± 0.01 1.539 

10-20% 1.64 ± 0.01 0.57 ± 0.02 1.18 ± 0.02 1.548 

20-40% 1.44 ± 0.03 0.41 ± 0.01 1.17 ± 0.01 1.721 

40-60% 1.53 ± 0.03 0.37 ± 0.01 1.20 ± 0.01 1.445 

60-80% 1.55 ± 0.03 0.34 ± 0.01 1.21 ± 0.01 1.255 

𝐷0 

𝑝𝑇 ≤ 16.0 GeV/c 

0-10% 1.02 ± 0.02 0.11 ± 0.01 1.16 ± 0.02 1.913 

30-50% 1.13 ± 0.03 0.10 ± 0.01 1.21 ± 0.03 1.038 

 

quarks, generally, decay to quarks of different generations, these hadrons with heavy quarks can, ultimately, 

decay semileptonically to lighter hadrons in the low transverse momentum region [49]. Hence, these signatures 

of sequential dissociations might not be completely washed away in the final-state distributions in the low 

transverse momentum region. But, these effects were not incorporated in the formalism given in eqn.(12) for 

extracting information on initial-states from 𝑅𝐴𝐴. So, this could be the reason for failing of the combination of 

eqn.(12) with Tsallis-Boltzmann distribution in catering low-𝑝𝑇  data for 𝑅𝐴𝐴. But, the Weibull distribution is the 

genesis of the processes involving sequential fragmentation [37] and when it is combined with eqn.(12), the 

combination, given by eqn.(18), succeeded, to some extent, in catering the data on nuclear modifcation factor 

for low transverse momenta. However, the absence of eqn(12) or eqn.(15) in the final working formulae for 

extracting information on final-state distributions might be the cause to the success of both the theoretical 

distributions to cater the final-state spectra in the low-𝑝𝑇  region as both the formalisms are suitable for systems 

having fractal characters. 

     Both the distributions, when embedded in equation(12) through eqn.(15) for nuclear modification factor, 

exhibit a flat behaviour in the very high transverse momentum region, and, hence, the present formalism to 

extract information on initial-states along with the present distributions cannot be treated as competent enough 

to cater the data when there is a sharp rise in nuclear modification factor at very high-𝑝𝑇  as is evidenced in the 

cases of charged pions and kaons. In this region, the energy loss due to medium induced gluon radiation 

dominates the collisional energy loss by the partons formed immediate after the initial hard scatterings and 

travelling through the QGP medium. This effect was not incorporated, specifically, in the present form of 

Boltzmann transport equation(eqn.(12)) to deal with 𝑅𝐴𝐴. The upper panels of the Figure 7 exhibit the nature of 

variation of the non-extensive parameter, q, obtained for Tsallis-Boltzmann distributions whereas the lower 

panels provide the same obtained for q-Weibull distributions. The values of q, obtained for initial states by both 
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 Table 3: Values of fitted parameters for Tsallis-Boltzmann Model with respect to the experimental data on 

nuclear modification factor for different identified hadrons produced in Pb+Pb collision at LHC 

Range of Fits   centrality T (GeV) q 𝑡𝑓/𝜏 reduced chi-square 

𝜋0 

𝑝𝑇 ≥
1.4 GeV/c 

0-5% 0.178 ± 0.002 1.002 ± 0.001 2.3 ± 0.1 0.430 

5-10% 0.176 ± 0.001 1.002 ± 0.001 1.98 ± 0.07 0.366 

10-20% 0.177 ± 0.001 1.003 ± 0.001 1.71 ± 0.06 0.478 

20-40% 0.174 ± 0.001 1.003 ± 0.001 1.43 ± 0.04 0.267 

40-60% 0.173 ± 0.002 1.004 ± 0.002 0.87 ± 0.04 0.287 

60-80% 0.174 ± 0.005 1.005 ± 0.002 0.50 ± 0.05 0.389 

𝜋± 

12 ≥ 𝑝𝑇 ≥
1.4 GeV/c 

0-5% 0.179 ± 0.002 1.002 ± 0.001 2.05 ± 0.05 0.495 

5-10% 0.179 ± 0.001 1.002 ± 0.002 1.87 ± 0.04 0.443 

10-20% 0.176 ± 0.001 1.003 ± 0.001 1.66 ± 0.03 0.338 

20-40% 0.176 ± 0.001 1.002 ± 0.001 1.30 ± 0.02 0.236 

40-60% 0.177 ± 0.002 1.004 ± 0.002 0.86 ± 0.03 0.087 

60-80% 0.182 ± 0.003 1.005 ± 0.002 0.52 ± 0.01 0.023 

𝐾± 

12 ≥ 𝑝𝑇 ≥
1.4 GeV/c 

0-5% 0.169 ± 0.001 1.004 ± 0.001 2.17 ± 0.06 0.448 

5-10% 0.168 ± 0.001 1.004 ± 0.001 1.97 ± 0.06 0.426 

10-20% 0.168 ± 0.002 1.004 ± 0.001 1.72 ± 0.05 0.358 

20-40% 0.167 ± 0.001 1.003 ± 0.001 1.34 ± 0.04 0.230 

40-60% 0.167 ± 0.001 1.004 ± 0.001 0.85 ± 0.02 0.064 

60-80% 0.173 ± 0.003 1.004 ± 0.001 0.47 ± 0.02 0.055 

𝑝/ 𝑝̅ 

20 ≥ 𝑝𝑇 ≥
3 GeV/c 

0-5% 0.155 ± 0.001 1.005 ± 0.001 1.69 ± 0.03 0.026 

5-10% 0.155 ± 0.001 1.005 ± 0.001 1.54 ± 0.02 0.012 

10-20% 0.153 ± 0.001 1.006 ± 0.002 1.28 ± 0.03 0.037 

20-40% 0.153 ± 0.001 1.006 ± 0.001 0.93 ± 0.02 0.029 

40-60% 0.151 ± 0.002 1.007 ± 0.002 0.53 ± 0.01 0.013 

60-80% 0.153 ± 0.001 1.007 ± 0.002 0.34 ± 0.03 0.046 

𝐷0 

30 ≥ 𝑝𝑇 ≥
1 GeV/c 

0-10% 0.149 ± 0.001 1.012 ± 0.004 1.73 ± 0.07 0.219 

30-50% 0.138 ± 0.002 1.020 ± 0.004 0.94 ± 0.06 0.162 

 

Table 4: Values of fitted parameters for q-Weibull Model with respect to the experimental data 

on nuclear modification factor for neutral and charged pi-mesons produced in Pb+Pb collision 

Range of Fits centrality k 
λ 

(GeV/c) 
q 𝑡𝑓/𝜏 reduced chi-squre 

𝜋0 

𝑝𝑇 ≥ 

0.7 GeV/c 

0-5% 0.64 ± 0.01 0.021 ±0.002 1.002 ±0.001 2.16 ± 0.05 0.161 

5-10% 0.62 ± 0.01 0.016 ±0.002 1.002 ±0.001 1.88 ± 0.05 0.196 

10-20% 0.63 ± 0.02 0.020 ±0.003 1.002 ±0.001 1.64 ± 0.05 0.433 

20-40% 0.62 ± 0.01 0.018 ±0.002 1.003 ±0.001 1.32 ± 0.05 0.505 

40-60% 0.58 ± 0.01 0.012 ±0.002 1.003 ±0.001 0.82 ± 0.03 0.284 

60-80% 0.55 ± 0.02 0.010 ±0.004 1.005 ±0.001 0.50 ± 0.05 0.399 

𝜋± 

12 ≥ 𝑝𝑇  

≥ 1 GeV/c 

0-5% 0.67 ± 0.01 0.030 ±0.003 1.003 ±0.002 1.88 ± 0.02 0.431 

5-10% 0.68 ± 0.01 0.028 ±0.002 1.002 ±0.001 1.86 ± 0.02 0.196 

10-20% 0.67 ± 0.02 0.027 ±0.003 1.002 ±0.001 1.69 ± 0.02 0.234 

20-40% 0.69 ± 0.02 0.032 ±0.005 1.003 ±0.001 1.34 ± 0.02 0.288 

40-60% 0.64 ± 0.04 0.021 ±0.008 1.004 ±0.001 0.96 ± 0.02 0.322 

60-80% 0.60 ± 0.06 0.015 ±0.002 1.0043 ±0.0004 0.63 ± 0.02 0.199 

 

the formalisms, have nearly same values[Fig.7(b) and Fig.7(d)] for a particular centrality despite the difference 

in fitting range for almost all the varieties. Above all, no significant dependence on centrality as well as on mass 

of the secondary is observed. As the parameter q is a measure of degree of fluctuations associated with the 

system, it can be assumed from these behavior that, at the initial stage, the degree of fluctuations is almost same 

for all the regions where the constituents of different secondaries emanates from and is independent of the  
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Table 5: Values of fitted parameters for q-Weibull Model with respect to the experimental data on 

𝑹𝑨𝑨 for K-mesons, protons-antiprotons and 𝑫𝟎-mesons produced in Pb + Pb collision 

Range of Fits centrality k 
λ 

(GeV/c) 
q 𝑡𝑓/𝜏 

reduced 

chi-square 

𝐾± 

12 ≥ 𝑝𝑇 ≥
0.4 GeV/c 

0-5% 0.67 ± 0.01 0.026 ±0.003 1.003 ±0.001 2.11 ± 0.04 0.411 

5-10% 0.66 ± 0.02 0.024 ±0.003 1.003 ±0.001 1.93 ± 0.04 0.394 

10-20% 0.66 ± 0.02 0.023 ±0.005 1.004 ±0.002 1.73 ± 0.05 0.147 

20-40% 0.66 ± 0.03 0.021 ±0.006 1.004 ±0.002 1.39 ± 0.05 0.580 

40-60% 0.59 ± 0.05 0.011 ±0.007 1.005 ±0.002 0.93 ± 0.04 0.377 

60-80% 0.60 ± 0.08 0.012 ±0.005 1.004 ±0.002 0.58 ± 0.02 0.205 

𝑝/ 𝑝̅ 

20 ≥ 𝑝𝑇 ≥
1.2 GeV/c 

0-5% 0.67 ± 0.02 0.018 ±0.003 1.004 ±0.001 1.70 ± 0.02 0.489 

5-10% 0.67 ± 0.02 0.017 ±0.003 1.004 ±0.002 1.56 ± 0.04 0.418 

10-20% 0.66 ± 0.02 0.015 ±0.004 1.005 ±0.002 1.27 ± 0.02 0.413 

20-40% 0.66 ± 0.03 0.014 ±0.006 1.006 ±0.001 0.97 ± 0.05 0.707 

40-60% 0.64 ± 0.05 0.012 ±0.007 1.006 ±0.002 0.55 ± 0.05 0.419 

60-80% 0.62 ± 0.05 0.011 ±0.005 1.007 ±0.002 0.42 ± 0.06 0.207 

𝐷0 

30 ≥ 𝑝𝑇 ≥
1 GeV/c 

0-10% 0.68 ± 0.01 0.012 ±0.001 1.016 ±0.006 1.74 ± 0.06 0.199 

30-50% 0.65 ± 0.01 0.007 ±0.001 1.018 ±0.006 0.98 ± 0.07 0.086 

 

collisional geometry. Further, the initial systems are not far away from their equilibria as the magnitudes of q lie 

in the close vicinity of 1. Figure 7(a) and Figure 7(c) show the centrality dependence of the same parameter for 

 final-state particles on the basis of Tsallis-Boltzmann and q-Weibull distributions respectively. There is a strong 

deviation in the values of q from its equilibrium value for both the cases. This increment in degree of 

fluctuations in the final-state distribution is the consequence of the interaction of the initial-state constituent 

partons with the expanding QCD medium. However, the centrality dependence of this particular parameter for 

Tsallis-Boltzmann distribution is in sharp contrast with those for q-Weibull distributions. As stated earlier, TB 

exhibits good performance for relatively low-𝑝𝑇region compared to qW. And in this region, it is observed from 

Fig.7(a) that the system approaches equilibrium when one goes from peripheral to more central collisions. This 

behaviour of the system, on the basis of analysis of the low-𝑝𝑇  data, is in agreement with the hydrodynamic 

models of the evolution of the fireball where one expects emergence of low-𝑝𝑇hadrons from a thermal system in 

local equilibrium due to presence of strong mass-dependent collective flow [50]. However, the incorporation of 

the data in higher-pT region changes the scenario. Here, for most of the varieties, q increases from peripheral to 

central collisions(Fig.7(c)). Here, more contributions are included from the particle-production mechanisms 

through pQCD hard scatterings of the high-𝑝𝑇partons followed by fragmentation and hadronization and also 

from multigluon fluctuations [51]. These effect gradually increases from peripheral to central interactions and 

can be treated as the evidence for formation of a QCD medium in central Pb + Pb interactions. Besides, both the 

formalisms show that the massive particles are emanated from more equilibrated regions. 

  Plots in Figure 8 provide the nature of variation of Tsallis temperature T while those in Figure 9 give the 

variation of 𝜆 with respect to participant nucleons, 𝑁𝑝𝑎𝑟𝑡, for both final-states as well as initial-states. Once 

again, both of these parameters show approximately constant dependence on the collision-geometry for initial-

states[Figure 8(b) and Figure 9(b)] as obtained from fitting 𝑅𝐴𝐴 data. This exhibition of independence of 

centrality of initial-state parameters indicates that the initial states are free from any nuclear-effect and might be 

formed at the surface of the nuclear medium. On the other hand. the centrality dependence of these parameters 

for the final-states is quite prominent. Both 𝑇𝑇𝐵 and 𝑇𝑞𝑊 exhibits increments in magnitude from their initial 

state-values and with respect to 𝑁𝑝𝑎𝑟𝑡  from peripheral to central collisions. It has already been stated in the last 

section that both the parameters can be treated on the same footing. And it is an established fact that the average 

transverse momentum is positively correlated with particle density and energy density [52], and the local energy 

density is reflected in corresponding temperature. In relativistic heavy ion collisions energy is deposited, in the 

collisional region, by the participant nucleons. As the 𝑁𝑝𝑎𝑟𝑡 increases with centrality, the energy density also 

increases. The initial partonic constituents after entering this dense QCD medium interact with it through several 

rescatterings which provide the initial partons more momentum-kicks. However, the high-𝑝𝑇  constituents lose 

energy through multi scatterings and gluon Bremsstrahlung(at very high-𝑝𝑇  ) and populates the soft and 

intermediate- 𝑝𝑇 region more. Hence, there is a rise in the average transverse momentum of the final-state 

distribution to the intermediate- 𝑝𝑇  range alongwith rise in the corresponding local temperature, and these values  
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

Figure 1: Plots of 𝒑𝑻-spectra for production of different identified hadrons in Pb + Pb interactions at 2.76 TeV. The fits 

for Tsallis-Boltzmann model(TB) are represented by solid lines while those for q-Weibull model(qW) are depicted by 

dashed lines. The experimental datapoints are derived from Ref. [55-57]. 
decrease from central to peripheral interactions due to decrement in collisional volume. Besides, the values of 

both the parameters, barring  𝐷0-mesons, for initial states decrease with increasing mass of secondaries whereas 

those for final states exhibit completely opposite trend. This can be attributed to the fact that the heavier 

particles take relatively longer time to get thermalized. 

For 𝑘 ≠ 1 and q > 1, the q-Weibull distribution gives a concave-upward curve. The curve with k > 1 falls more 

rapidly with respect to the curve with k < 1 for a fixed q and 𝜆 as 𝑝𝑇  increases. Figure 10(a) shows the nature of 

this particular parameter for q-Weibull distribution for final-state particles whereas Figure 10(b) is for initial-

state particles. It is observed that the values for initial state distribution lie in the range k < 1 for all the 

secondaries whereas those for final states fall in the range k > 1. This deviation clearly shows that the initial 

distribution just do not get scaled up with number of participant nucleons or number of binary collisions. Rather, 
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Figure 2: Plots of 𝑹𝑨𝑨 as the function of 𝒑𝑻 for secondary neutral pi-mesons produced in different 

central Pb + Pb collisions at LHC energy 2.76 TeV. The solid lines are the fits for Tsallis-Boltzmann Model while the 

dashed ones for q-Weibull model(qW). The experimental data on 𝑹𝑨𝑨are taken from Ref. [55]. 

 

 
Figure 3: Plots of 𝑹𝑨𝑨 as the function of 𝒑𝑻 for secondary charged pi-mesons produced in different 

central Pb + Pb collisions at LHC energy 2.76 TeV. The solid lines are the fits for Tsallis-Boltzmann Model while the 

dashed ones for q-Weibull model(qW). The experimental data on 𝑹𝑨𝑨are taken from Ref. [56]. 
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Figure 4: Plots of 𝑹𝑨𝑨 as the function of 𝒑𝑻 for secondary charged K-mesons produced in different 

central Pb + Pb collisions at LHC energy 2.76 TeV. The solid lines are the fits for Tsallis-Boltzmann Model while the 

dashed ones for q-Weibull model(qW). The experimental data on 𝑹𝑨𝑨are taken from Ref. [56]. 
 

 
Figure 5: Plots of 𝑹𝑨𝑨 as the function of 𝒑𝑻 for secondary protons/anti-protons produced in different 

central Pb + Pb collisions at LHC energy 2.76 TeV. The solid lines are the fits for Tsallis-Boltzmann Model while the 

dashed ones for q-Weibull model(qW). The experimental data on 𝑹𝑨𝑨are taken from Ref. [56]. 

the final-state distribution exhibits a steep fall with increasing 𝑝𝑇  compared to initial-ones due to increment in 

low-𝑝𝑇  multiplicity as the high-𝑝𝑇  partons lose energy through interaction with the QCD medium while 

travelling through the fireball formed in such ultrarelativistic heavy ion collisions. Besides, contributions from 

sequential dissociations of heavy quarkonia populates the lighter hadron-spectra in the low-𝑝𝑇  domain. As, this  
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Figure 5: Plots of 𝑹𝑨𝑨 as the function of 𝒑𝑻 for secondary 𝑫𝟎-mesons produced in different 

central Pb + Pb collisions at LHC energy 2.76 TeV. The solid lines are the fits for Tsallis-Boltzmann Model while the 

dashed ones for q-Weibull model(qW). The experimental data on 𝑹𝑨𝑨are taken from Ref. [57]. 
 

 
(a) 

 
 (b) 

 
 (c)  

 
 (d) 

Figure 7: The nature of dependence of the non-extensive parameter, q, on the number of participant nucleons. 
 

medium effect is more prominent in more central collisions, such deviation in k decreases from central to 

peripheral regions. Hence, the shape factor, k, is directly related with the dynamics of the particle production. 

Furthermore, 𝐷0-meson consists of one of the heavier quarks, charm quark. And the energy loss by the medium-

induced gluon radiation decreases with partonic mass [53]. This is reflected in the comparatively small deviation 

in k-values for 𝐷0-mesons from initial states to final states. However, no concrete inference can be made, from 

the present analyses, as the data on 𝐷0-mesons is not sufficient enough over the entire 𝑝𝑇  -range compared to  
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(a) 

 
(b) 

Figure 8: Variation of Tsallis temperature as a function of number of participant nucleons. 
     

 
(a) 

 
(b) 

Figure 9: Variations of 𝝀 with respect to number of participant nucleons. 

 

 

 
(a) 

 
(b) 

Figure 10: Variations of k with respect to number of participant nucleons. 

 

other varieties and the behaviours of the other parameters for 𝐷0 mesons are always not quite explicable in the 

present context. 

  Figure 11 exhibits strong dependence of relative relaxation time,  
𝑡𝑓/𝜏, on centrality. There is a sharp rise in relaxation time as one goes from central to peripheral interactions, 

which indicates at faster thermalization at central interactions. Furthermore, the magnitude of relaxation time for 

lighter hadrons is lesser than that for heavier ones, which, once again hints at relatively slower thermalization  
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Figure 11: The nature of dependence of the relative relaxation time, 𝑡𝑓/𝜏 , on the number of participant nucleons. 

process for heavier secondaries. This observation is for both the formalisms and in agreement with the findings 

of Ref. [35]. 

 

IV. CONCLUSION 
In the present study we have dealt with the invariant yield and nuclear modification factor for various secondary 

particles produced in mid-rapidity regions of central to peripheral Pb+Pb collisions at 2.76 TeV. Our theoretical 

tools for the current analysis were two generalized non-extensive distributions, namely, Tsallis-Boltzmann 

distribution and q-Weibull distribution. However, to analyse nuclear modification factor, these two distributions 

had to be embedded into another formalism based on Fokker-Planck equation where it was assumed that the par- 

tons, produced in initial hard scatterings, undergo Brownian motions due to collisional energy loss while 

travelling through the fireball produced in the ultra-high energy nuclear reactions without direct incorporation of 

the effect due to medium-induced gluon radiation or the effect due to color screening and subsequent 

dissociation of heavy quarks. This formalism to extract information from RAA fails to cater data at very high 

transverse momentum -region where gluon Bremsstrahlung plays dominant role, and, in some occasions, the 

low transverse momentum regions where fragmentation of heavy quarks due to Debye screening contributes. On 

the other hand, final-state transverse momentum spectra of the identified hadrons can be reproduced upto 6 

GeV/c by Tsallis-Boltzmann distributions whereas upto 16 GeV by q-Weibull distributions for most of the 

secondaries. None of the distribution is capable of reproducing the data in the very high 𝑝𝑇  -range which is in 

the purview of the perturbative QCD. The findings from the analyses of low and intermediate 𝑝𝑇   -regions with 

Tsallis-Boltzmann distribution are in agreement with the hydrodynamical evolution picture of the fireball, 

whereas, the study of the wider 𝑝𝑇  -range with q-Weibull distribution reveals more contributions from harder 

interactions between the initial partons with the fireball. In the latter case the medium influence gradually 

increases, in most of the cases, from peripheral to central collisions which indicates at the formation of a 

deconfined QCD medium in the Pb + Pb interactions at LHC energy. In a recent study [54], the contribution 

from the medium-induced gluon radiation was included in the original Langevin equation for Brownian motion 

to understand the evolution of the heavy quarks. Inclusion of such effects along with those from fragmentation 

of heavy quarkonia can make the present formalism competent to obtain more insights on the dynamical 

properties of the fireball in a unified manner. 
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